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@ Discretize
p=1

FOM

q(t,p) = N(q,t,p)
q(t,p) e RM M~ 10°
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Ohq = —v-Vq+rAq— pg*(q— 1)

@ Discretize

1i;

pw=0.2

1
0.8
0.6
0.4
0.2
0

ROM 1 = 0.3

0.8
0.6

.

0.2

1]26
Advection-Reaction-
Diffusion PDE

FOM

q(t,p) = N(q,t, 1)

q(t,p) e RM M~ 10°

@ Model Order Reduction ¢ ~ ¢ = g(a)

ROM

a(t,p) = N(a,t,p)
a(t,p) € R",
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POD-Galerkin Example: Advection Equation

Discretized PDE ¢; — vq, = 0 gives linear FOM:
(FOM) ¢(t) = Dgq(t) D eRMM gecRM M~ 10°
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POD-Galerkin Example: Advection Equation

Discretized PDE ¢; — vq, = 0 gives linear FOM:
(FOM) ¢(t)=Dgq(t) D ecRM*M qgcRM M ~ 10

1. Create low dimensional subspace with POD/SVD Truncated
SVD of Snapshot matrix

Q=[g(tr),...,qtn)] = U, V] UlU, =V]V, =1,
— q(t) = g(a) = U,a(t)
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POD-Galerkin Example: Advection Equation

Discretized PDE ¢; — vq, = 0 gives linear FOM:
(FOM) ¢(t)=Dgq(t) D ecRM*M qgcRM M ~ 10

1. Create low dimensional subspace with POD/SVD Truncated
SVD of Snapshot matrix

Q= [Q(t1)7 SR) Q(tN)] ~ UTETV?: U;FUT = VTTVT =,
— 4(t) = g(a) = U,a(t)

2. Plug in FOM and project onto U,
U,a(t) = DU,a(t) = UTU, a(t) = UT'DU, a(t)
~—— ~——

I D,

(ROM) a(t) = Dya(t) D, eR™ aeR’, 1~ 10
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POD/SVD fails for transport dominated problems

original SVD 20 modes convergence SVD
1 * .,
0.9 ‘el
0.8 e
% °
o 07 .,
06 ‘.
0.5 ‘.
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z z k

q(z,t) = 4(z,t) = Zul

Problem: slow singular value decay oy,
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Idea: Transport compensation [Reiss et al. 2018]

original SVD 20 modes convergence SVD
10°
Ok
- - o0 410
1020
0 5 10 15 20
T T k

q(z + A(t),t) Zul

= q(z,t) = TA¢ )f(x) = [z —A(t))

Idea: apply time-dependent shift
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Often no 1 to 1 mapping possible:
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FTR - Front Transport Reduction

Idea: Front Transport Reduction (FTR)

[Krah, Sroka, and Reiss 2020]

q(z,t) = qr(x,1) =
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Idea: Front Transport Reduction (FTR)

[Krah, Sroka, and Reiss 2020]
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Idea: Front Transport Reduction (FTR)

[Krah, Sroka, and Reiss 2020]

. t— 00
q(x,t) = qr(, 1) = > uk(z)ar(t) o 1%
k=1 o —
s UL g5
g(z,1) = f(d(z,t) n I
£ oot =
T _ ° ) \ )
P(x,t) = ¢p(x,1) = k; Vi (z)ax (t) 0 5 10
x
. 10°
Transport compensation .
5
g(w,t) = T2V (f(x)) R
= flz — A(t)) 3 6 — vl
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Front Transport Reduction For a given snapshot matrix Q €
RM*Nt with Q;; = q(z,t;) € [0,1] and nonlinear smooth
monotone increasing functlon f:R —[0,1], find a rank r
matrix & € RM*Nt such that the error |Q — Q||2 for Q;; =
f(®;;) is minimized.

Algorithm 1 FTR as iterativ thresholding

Require: Q € RM*™ data Qi; = q(xi,t;), T step size, r rank,
front f: R — [0,1]

L init ®F =0

2: while not converged do

3:  residual R = f(®*) — Q

4:

5

®FH1/2 — % 1R
decompose and truncate
Prtl = svd(<I>k'~'1/27 T)
k< k+1

: end while

return ®*

© N




FTR - Front Transport Reduction

Algorithm 2 - FTR-NN Autoencoder & 7
QZ§Q1§ o
2 .

- : ¢/
q = gdec(genc(q)) qmr y

q
Encoder genc: RM = R", ¢+ @ = genc(q), mapping the
input data g onto points a in a learned lower
dimensional latent space and the
Decoder ggec: R” — RM @+ g4ec(a) = q, mapping the
latent representation back to input space.
The task of the optimization procedure is now to determine

926

Jdecs Jenc, such that the reconstruction error over the training data

Q= [qlv""th]:

N
Letr = Q- Q| = Z ;= gdec(genc()) I

i=1

ZI = gdec(a) = f(‘I’a) s v c RMXT ,



FTR - Front Transport Reduction

2D Example - Moving Disc

Setting: disc of fixed radius R moves in a circle

g —v(t)-Vg=0
—sm 27rt

cos(27t)

)

te[0,1]

data g(x,t)  POD ¢(z,t)

Qg

10| 26
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2D Example - Moving Disc

Setting: disc of fixed radius R moves in a circle

g —v(t)-Vg=0 t €[0,1]
o(t) = —sin(27rt)>

cos(27t)

FTR: q(z,t) = f(¢(x,1))
f(z) = sigmoid(z) *1

@, 1) = ||z — 2o (t)]3 — R? k)
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Moving Disc
Q(wvt) = f(¢(w7t))

$(x,t) = [lz — 20(t)|3 — R
= al(t)vvbl(x? y) + (12(t>¢2(x5 y) + a3(t)¢3($7 y)

200

O |

—200
0.0 05 1.0

time t

a;(t)
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Moving Disc - FTR vs. Neural Autoencoder Networks

ez
= L, B, xPOD
5 10 X 5 NN

- f:‘ ? OFTR-NN
. R »9% ® *FTR
e & 10
E L *ox * *

. ‘ 107° T T T T
_ 0 5 10 15 20 25 30
7

degrees of freedom r

—
—0.4 0.0 0.3
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Advection with topology change

[
-1
§ 10 X
~ X
. 2 1072 X
q(z,t) :.f(qﬁ(a:,t)) build from the é IS 58|~ POD
level-set field S 0379709, NN
= *
3 10-4 *x kx| G FTR-NN
. I B
o, t) = —Age —t 0123456789 *FTR
k=1 degrees of freedom r
e = ||l — @iz,
o(x,t) b(x,t)
y
0 0
- -
- g(x,1) %)

datat=0 datat =04
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Advection with topology change
s 10 T«
f X
g(z,t) = f(6(,1)) build from the > 10727 x
" ' 5 >o > POD
. ® > X
level-set field <= 1073 >Q®08 o & &8 _ NN
= *
*
> . 107 T oFTRAN
Z —t 0123456789 %FTR
k=1 degrees of freedom r
=z — iz,
B, 1) (x.1)
-
I B )
- -
- (x.1) ‘(x,t)

FTRt=0, rank r =2 FTRt=04, rank r =2



Nonlinear ROM - online prediction
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How to generate a reduced order model from this?

q(t, ) = N(q,t, 1) .

q(0, 1) = qo(p) (ROM) 777

(FOM) {


https://doi.org/10.1016/j.jcp.2019.108973
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How to generate a reduced order model from this?

q(t, ) = N(qt,p)
(FOM) {q(O,u) = qo(1)

Manifold Galerkin Projections [Lee carlberg2020]
(Project-then-discretize-approach)

» Plug ¢ = g(a) into FOM

» Time derivative becomes

alt.) = olalt,m) = Tyt )

— (ROM) 777

» Reduced order model
a(t, ) = J.(a)TN 1,
oy [ 40 = Tul@) Nigla).t.p)
a(07 ,U,) = CLQ(,U,)
Solution of the time continuous residual minimization:

q(t,p) = argmin ||r(q,q,t,1)|3 with 7(q,q,t,p) = q—N(q,t,p)
qeTq(t,m)


https://doi.org/10.1016/j.jcp.2019.108973
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Advection PDE: 0,q — v0,q¢ =0

(FOM) {Q(tnu’) =Lgq

q(0) =qy-
POD FTR
Linear Subspace: I::: Manifold:
q(t) = Ua(t) q(t) = f(Paf(t))
Galerkin

Manifold-Galerkin
.oy T
alt) = U LUa ) a(t) = J(@)"Lf(a)
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Level-set field features same transport as ¢!
» Since for the FTR g = f(¢)

g —v0rq = [(0) (0 — v0:¢) = 0~ Ny — vIyp = 0
» Solve ODE for ¢ instead of ¢
q=Lg~ ¢=Lo
» Solve ROM for ¢ = ¥a instead of ¢ = Ua

a(t) = UTLUa ~ a(t) = ¥ LWa
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training
atq + u(t)0, q = 0

testin
O0rq + 5sin(27t/T)0,q = 0

FOM FTR - ROM

“ “
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ARD PDE: d,q(z,t, 1) = —v - Vg + kAq — pg?(q — 1)

(FOM) { a(0) = ap.
POD
Linear Subspace: I::>
q(t) = Ua(t)
Galerkin
a(t) = U'N(Ua,t, p) :>

q(t,u) = N(q.t,p)

FTR
Manifold:

q(t) = f(¥a(t))

Manifold-Galerkin

a(t) = J(a) "N (f(Ta),t, p
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ARD PDE: d,q(z,t, 1) = —v - Vg + kAq — pg?(q — 1)

q(t, 1) = N(q,t, 1)
(FOM) { a(0) = ap.
POD FTR
Linear Subspace: I::> Manifold:
q(t) = Ua(t) q(t) = f(¥a(?))

Galerkin

Manifold-Galerkin
. _ T
a(t) =U'NWa,t)) > 40 ) N(gwa) b

IIHyperreduction!!
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How to generate a reduced order model from this?

q(t, ) = N(qt,p)
(FOM) {q(Oyu) = qo(n)

Manifold Galerkin Projections [Lee Carlberg,2020]
(Project-then-discretize-approach)

» Plug ¢ = g(a) into FOM

» Time derivative becomes

— (ROM) 777

A d A
q(t,p) ~ 9(alt, n) = Jg(a)alt, p)
» Reduced order model P € RP*M < p < M
(hyperreduced—ROM) a(t7 /’[’) = [PJg(a)]JrPN(g(a)?t? /’[’)
a’(ov M) = aO(N)

Solution of the time continuous residual minimization:

q(t,p) = argmin ||r(q,q,t,p)|p> with 7(q,q,t,p) = g—N(q,t, p)
qeTq(t,pm)


https://doi.org/10.1016/j.jcp.2019.108973
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Hyperreduction

Preselection of sample points via gappy POD [Carlberg et al. 2013;
Kim et al. 2021]:

q(t) = argmin [|[r(q,q.t,0)|3: with r(q,q,t,p) = q—N(q,t,p)

qeTq(t,p)
PJ(a)a(t,p) = PN(f(a),t,p)

(hyperreduced-ROM)
a(0, p) = ao(p)

sample points

S =
o O
)
o O

[an}

p_ | | & o
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Hyperreduction

Adaptive selection of sample points
PoJ(a)a(t, p) = P.N(f(a),t, 1)
a(07 ,LL) = aO(/’L)

P, selects the p first grid points {i1,...,7,} close to the reacting

front.
15
0
—15

Take p smallest values of the level-set field: ¢ = Wa € RM

6| < il <o <oy, | < |0i| VE=1 M -p

(hyperreduced-ROM) {
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Advection-diffusion-reaction PDE (+ Periodic BC)

hq(wm,t,p) = —v-Vg+rAg—pg*(g—1)
q(x,0,p) = qo(z)

with velocity field v(a,t). Tuned to include topology change.

FOM FTR-ROM POD-ROM
DoFs = 5122: DoFs: =6 DoFs: =6

&\n :n En
El B3 x
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Error vs Speedup

FTR-projection
FTR-offline
POD-offline

R POD-online p/M=1.0
) FTR-online p/M=0.1
FTR-online p/M=0.2
FTR-online p/M=0.5
5 10 -©- FTR-online p/M=1.0

relative error

degrees of freedom r

15
lip/m=01

Clp/M=0.2
lip/M=05
lip/m=10

10

speedup

5 10 15

degrees of freedom r
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Summary - Front Transport Reduction

¢ low rank even if ¢ = f(¢) is not
embeds 1D fronts in 2D, 3D
handles topology changes

is similar to one layer neural net

vVvyYyyvyy

resulting basis is well suited for dynamical models



Thank you for your attention!
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2. Method Least Squares Petrov Galerkin Projections [tee,
carlberg,2020] (dliscretize-then-project-Approach)

» FOM is first discretized in time: q"*! = ¢ + 7N (g™, t"1)

» The minimization problem for the discretized residual »™ of
the implicit Euler is

a" = argmin|r"(f(a))||3 with (&) :=€&—q"—TN (&, t"T).
a€R"

» Necessary condition %Hr””% = 2(%7“”,7‘") = 0 results in

\Iln(anJrl)T,’,n(f(anJrl)) =0
a(0) = ay

(ROM) {

where


https://doi.org/10.1016/j.jcp.2019.108973
https://doi.org/10.1016/j.jcp.2019.108973

1)1
2. Method Least Squares Petrov Galerkin Projections [Lee,
Carlberg,2020] ( discretize-then-project-Approach)
» FOM is first discretized in time: ¢"*! = ¢ + 7N (q"*!, t" 1)
» The minimization problem for the discretized residual " of
the implicit Euler is

= argmin”r"(f(a))Hzpz with  77(€) = £—q"—TN (€, "),
a€R”

an+l

» Necessary condition - HT”HPZ =2(P L™ Pr") =0 results

in
Pyn n+1 TP n(f n+1yy _
(hyperreduced-ROM) (@) Pr*(f(a"")) =0
(1(0) = Qay
where
v(a) = Lon(f(a)) = P [uM o ONae] e
da o


https://doi.org/10.1016/j.jcp.2019.108973
https://doi.org/10.1016/j.jcp.2019.108973
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