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POD-Galerkin Example: Advection Equation

Discretized PDE qt − vqx = 0 gives linear FOM:

(FOM) q̇(t) = Dq(t) D ∈ RM×M , q ∈ RM , M ∼ 106

1. Create low dimensional subspace with POD/SVD Truncated
SVD of Snapshot matrix

Q = [q(t1), . . . , q(tN )] ≈ UrΣrVTr UTr Ur = VTr Vr = Ir
→ q̃(t) = g(a) = Ura(t)

2. Plug in FOM and project onto Ur
Urȧ(t) = DUra(t)⇒ UTr Ur︸ ︷︷ ︸

Ir

ȧ(t) = UTr DUr︸ ︷︷ ︸
Dr

a(t)

(ROM) ȧ(t) = Dra(t) Dr ∈ Rr×r ,a ∈ Rr, r ∼ 10
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(ROM) ȧ(t) = Dra(t) Dr ∈ Rr×r ,a ∈ Rr, r ∼ 10



Introduction - Mode-based Model Order Reduction 2 | 26

POD-Galerkin Example: Advection Equation

Discretized PDE qt − vqx = 0 gives linear FOM:

(FOM) q̇(t) = Dq(t) D ∈ RM×M , q ∈ RM , M ∼ 106

1. Create low dimensional subspace with POD/SVD Truncated
SVD of Snapshot matrix

Q = [q(t1), . . . , q(tN )] ≈ UrΣrVTr UTr Ur = VTr Vr = Ir
→ q̃(t) = g(a) = Ura(t)

2. Plug in FOM and project onto Ur
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POD/SVD fails for transport dominated problems

q(x, t) ≈ q̃(x, t) = Ura(t) =

r∑

l=1

ul(x)al(t)

Problem: slow singular value decay σk
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Idea: Transport compensation [Reiss et al. 2018]

q(x+ ∆(t), t) ≈ f(x) =
r∑

l=1

ul(x)al(t)

⇒ q(x, t) ≈ T∆(t)f(x) = f(x−∆(t))

Idea: apply time-dependent shift
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Often no 1 to 1 mapping possible:



FTR - Front Transport Reduction
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Idea: Front Transport Reduction (FTR)
[Krah, Sroka, and Reiss 2020]

q(x, t) ≈ qr(x, t) :=
r∑
k=1

uk(x)ak(t)

q(x, t) = f(φ(x, t))

φ(x, t) ≈ φr(x, t) :=
r∑
k=1

ψk(x)ãk(t)
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Front Transport Reduction For a given snapshot matrix Q ∈
RM×Nt with Qij = q(xi, tj) ∈ [0, 1] and nonlinear smooth
monotone increasing function f : R → [0, 1], find a rank r
matrix Φ ∈ RM×Nt , such that the error ‖Q− Q̃‖2F for Q̃ij =
f(Φij) is minimized.

Algorithm 1 FTR as iterativ thresholding
Require: Q ∈ RM×Nt data Qij = q(xi, tj), τ step size, r rank,

front f : R→ [0, 1]
1: init Φk = 0
2: while not converged do
3: residual R = f(Φk)−Q
4: Φk+1/2 = Φk − τR
5: decompose and truncate

Φk+1 = svd(Φk+1/2, r)
6: k ← k + 1
7: end while
8: return Φk
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Algorithm 2 - FTR-NN Autoencoder

q̃ = gdec(genc(q))

q1
q2

qM

a1
ar

q̃1
q̃2

q̃M

...
... ...

Encoder genc : RM → Rr, q 7→ a = genc(q), mapping the
input data q onto points a in a learned lower
dimensional latent space and the

Decoder gdec : Rr → RM ,a 7→ gdec(a) = q̃, mapping the
latent representation back to input space.

The task of the optimization procedure is now to determine
gdec, genc, such that the reconstruction error over the training data
Q = [q1, . . . , qNt ]:

LFTR = ‖Q− Q̃‖ =

Nt∑

i=1

‖qi − gdec(genc(qi))‖2F

q̃ = gdec(a) = f(Ψa) , Ψ ∈ RM×r ,
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2D Example - Moving Disc

Setting: disc of fixed radius R moves in a circle





qt − v(t) · ∇q = 0 t ∈ [0, 1]

v(t) =

(
− sin(2πt)

cos(2πt)

)
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Motivation

Mode-based Model Order Reduction

Mode-based model order reduction (MOR) is an important tool for reducing the dimensions of partial
di↵erential equation based dynamical systems. Here, the proper orthogonal decomposition (POD) is
used to identify low dimensional structures, from which the reduced order model is built.

Problem: POD fails to identify this structure when sharp fronts, characterized by large gradients, are
transported or shifted as a function of their dynamical parameters:

q(x, t) = f (�(x, t))

q(x, t) ⇡ qn(x, t) :=

nX
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I q and � share the same advective transport,
since q is created from � = x � ct, c > 0

I decay truncation error is fundamentally di↵erent
I failure of the POD to represent sharp transports

is well known [1]
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Front Transport Reconstruction:

I Low rank field � representing the transport
of the front

I nonlinear mapping f recovering the
frontshape

2D: Example - Moving Disc
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I Data Field: q(x, t) = f (�(x, t))
I Front Shape Function, width � > 0
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I Low rank transport fields
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Total Error: kq � f ('n)k  �f + �'

I Front reconstruction error: �f := kq � f (')k
– Error due to failure in the construction of ' or f

– Limits the maximal achievable precision

I POD truncation error: �' := kf (') � f ('n)k
– Error in the 2-norm: �' /

��f 0(')
�� �'n scales with singular values of �

– Total error scales with the singular values of �

Application to Combustion

Reactive Compressible Navier Stokes

Simulation details:

I reactive, compressible Navier Stokes equa-
tions solved with WABBIT [3]
(4 compressible NSE + 12 reaction equa-
tions)

I N = 40 snapshots, M = 256 ⇡ 65000
grid points

I vortex pair moves towards burning H2 and
mixes unburned (YH2

= 1) with burned gas
(YH2

= 0), such that a small bubble of un-
burned gas detaches into the burned area.

normalized mass fraction q = YH2

Construction of (f, �):

I � is the signed distance to the boarder
between burned and unburned H2
(threshold value q0 = 0.17)

I front shape function f is interpolating
values f1, . . . , fM that minimize the
di↵erence between q and f (�) at all grid
points

Error Analysis of Pacman:
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Front reconstruction error �f :

I Relative error about 0.2% reached within 13
modes

I error due to changing front width and front
shape

POD truncation error ��:

I Limited truncation error because � is a signed
distance function

Physical Structure Preserving Reduction Technique:

I allowed physical state space is preserved: 0  YH2
 1

I topological structure is preserved

Conclusion and Outlook

I original flow field q = f (�) is reconstructed
by a front shape function f and level set
function �

I local 1D description of the front enables
complex 2D front dynamics, with merging
and splitting fronts, while seeking low rank
description of �

Next Steps:

I generalize to multiple fronts q =
P

i fi(�i)
I implement approach as optimization prob-

lem
I formulate reduced order model with

Petrov-Galerkin
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FTR: q(x, t) = f(φ(x, t))

f(x) = sigmoid(x)

φ(x, t) = ‖x− x0(t)‖22 −R2
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Moving Disc

q(x, t) = f(φ(x, t))

φ(x, t) = ‖x− x0(t)‖22 −R2

= a1(t)ψ1(x, y) + a2(t)ψ2(x, y) + a3(t)ψ3(x, y)

0.0 0.5 1.0

−200

0

200

time t

ã
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Moving Disc - FTR vs. Neural Autoencoder Networks
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Advection with topology change

q(x, t) = f(φ(x, t)) build from the
level-set field

ϕ(x, t) =
3∑
k=1

−Ake−σkrk − t

rk = ‖x− xi‖2 ,
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Nonlinear ROM - online prediction
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How to generate a reduced order model from this?

(FOM)

{
q̇(t, µ) = N(q, t, µ)

q(0, µ) = q0(µ)
−→ (ROM) ???

Manifold Galerkin Projections [Lee,Carlberg,2020]

(Project-then-discretize-approach)
I Plug q̃ = g(a) into FOM
I Time derivative becomes

q̇(t, µ) ≈ d

dt
g(a(t, µ)) = Jg(a)ȧ(t, µ)

I Reduced order model

(ROM)

{
ȧ(t, µ) = N(g(a), t, µ)

a(0, µ) = a0(µ)

Solution of the time continuous residual minimization:
˙̃q(t, µ) = argmin

q̇∈T q̃(t,µ)
‖r(q, q̇, t, µ)‖2 with r(q, q̇, t, µ) := q̇−N(q, t, µ)

https://doi.org/10.1016/j.jcp.2019.108973
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(ROM)

{
ȧ(t, µ) = Jg(a)+N(g(a), t, µ)

a(0, µ) = a0(µ)

Solution of the time continuous residual minimization:
˙̃q(t, µ) = argmin

q̇∈T q̃(t,µ)
‖r(q, q̇, t, µ)‖22 with r(q, q̇, t, µ) := q̇−N(q, t, µ)

https://doi.org/10.1016/j.jcp.2019.108973
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Advection PDE: ∂tq − v∂xq = 0

(FOM)

{
q̇(t, µ) = Lq

q(0) = q0 .

POD
Linear Subspace:

q̃(t) = Ua(t)

FTR
Manifold:

q̃(t) = f(Ψa(t))

Galerkin

ȧ(t) = UTLUa
Manifold-Galerkin

ȧ(t) = J(a)+Lf(Ψa)
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Level-set field features same transport as q!
I Since for the FTR q = f(φ)

∂tq − v∂xq = f ′(φ)(∂tφ− v∂xφ) = 0 ; ∂tφ− v∂xφ = 0

I Solve ODE for φ instead of q

q = Lq ; φ = Lφ

I Solve ROM for φ = Ψa instead of q = Ua

ȧ(t) = UTLUa; ȧ(t) = ΨTLΨa
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training
∂tq + u(t)∂xq = 0

x

t
u(t) = −2

x

t

u(t) = 2

0

0.2

0.4

0.6

0.8

1

testing
∂tq + 5 sin(2πt/T )∂xq = 0

x

t

FOM

x

t
FTR - ROM

0

0.2

0.4

0.6

0.8

1
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ARD PDE: ∂tq(x, t, µ) = −v ·∇q + κ∆q − µq2(q − 1)

(FOM)

{
q̇(t, µ) = N(q, t, µ)

q(0) = q0 .

POD
Linear Subspace:

q̃(t) = Ua(t)

FTR
Manifold:

q̃(t) = f(Ψa(t))

Galerkin

ȧ(t) = UTN(Ua, t, µ)

Manifold-Galerkin

ȧ(t) = J(a)+N(f(Ψa), t, µ)

!!Hyperreduction!!
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(FOM)

{
q̇(t, µ) = N(q, t, µ)

q(0) = q0 .

POD
Linear Subspace:
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FTR
Manifold:
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How to generate a reduced order model from this?

(FOM)

{
q̇(t, µ) = N(q, t, µ)

q(0, µ) = q0(µ)
−→ (ROM) ???

Manifold Galerkin Projections [Lee,Carlberg,2020]

(Project-then-discretize-approach)
I Plug q̃ = g(a) into FOM
I Time derivative becomes

q̇(t, µ) ≈ d

dt
g(a(t, µ)) = Jg(a)ȧ(t, µ)

I Reduced order model P ∈ Rp×M , r ≤ p�M

(hyperreduced-ROM)

{
ȧ(t, µ) = [PJg(a)]+PN(g(a), t, µ)

a(0, µ) = a0(µ)

Solution of the time continuous residual minimization:
˙̃q(t, µ) = argmin

q̇∈T q̃(t,µ)
‖r(q, q̇, t, µ)‖2P2 with r(q, q̇, t, µ) := q̇−N(q, t, µ)

https://doi.org/10.1016/j.jcp.2019.108973
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Hyperreduction

Preselection of sample points via gappy POD [Carlberg et al. 2013;
Kim et al. 2021]:

˙̃q(t) = argmin
q̇∈T q̃(t,µ)

‖r(q, q̇, t, µ)‖2P2 with r(q, q̇, t, µ) := q̇−N(q, t, µ)

(hyperreduced-ROM)

{
PJ(a)ȧ(t, µ) = PN(f(a), t, µ)

a(0, µ) = a0(µ)

P =




1 0 0 0 · · · 0
0 0 1 0 · · · 0
...

...
0 · · · 0 0 0 1


 ∈ Rp×M
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Hyperreduction

Adaptive selection of sample points

(hyperreduced-ROM)

{
PaJ(a)ȧ(t, µ) = PaN(f(a), t, µ)

a(0, µ) = a0(µ)

Pa selects the p first grid points {i1, ..., ip} close to the reacting
front.

Take p smallest values of the level-set field: φ = Ψa ∈ RM
∣∣φi1

∣∣ ≤
∣∣φi2

∣∣ ≤ · · · ≤
∣∣∣φip

∣∣∣ ≤
∣∣∣φip+k

∣∣∣ ∀k = 1, . . . ,M − p
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Advection-diffusion-reaction PDE (+ Periodic BC)
{
∂tq(x, t, µ) = −v ·∇q + κ∆q − µq2(q − 1)

q(x, 0, µ) = q0(x)

with velocity field v(x, t). Tuned to include topology change.

FOM
DoFs = 5122:

FTR-ROM
DoFs: = 6

POD-ROM
DoFs: = 6
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Error vs Speedup

5 10
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FTR-projection
FTR-offline
POD-offline
POD-online p/M=1.0
FTR-online p/M=0.1
FTR-online p/M=0.2
FTR-online p/M=0.5
FTR-online p/M=1.0

5 10 15
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1
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FOM tcpu = 244 s

degrees of freedom r
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du

p

p/M=0.1

p/M=0.2

p/M=0.5

p/M=1.0
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Summary - Front Transport Reduction

I φ low rank even if q = f(φ) is not
I embeds 1D fronts in 2D, 3D
I handles topology changes
I is similar to one layer neural net
I resulting basis is well suited for dynamical models
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2. Method Least Squares Petrov Galerkin Projections [Lee,

Carlberg,2020] (discretize-then-project-Approach)
I FOM is first discretized in time: qn+1 = qn + τN(qn+1, tn+1)

I The minimization problem for the discretized residual rn of
the implicit Euler is

an+1 = argmin
a∈Rr

‖rn(f(a))‖22 with rn(ξ) := ξ−qn−τN(ξ, tn+1) .

I Necessary condition d
da‖rn‖22 = 2〈 d

dar
n, rn〉 = 0 results in

(ROM)

{
Ψn(an+1)Trn(f(an+1)) = 0

a(0) = a0

where

Ψn(a) :=
d

da
rn(f(a)) =

[
IM − τ

d

dq
N(q, tn+1)

]

q=f(a)

J(a) .

https://doi.org/10.1016/j.jcp.2019.108973
https://doi.org/10.1016/j.jcp.2019.108973
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I The minimization problem for the discretized residual rn of
the implicit Euler is

an+1 = argmin
a∈Rr

‖rn(f(a))‖2P2 with rn(ξ) := ξ−qn−τN(ξ, tn+1) .

I Necessary condition d
da‖rn‖2P2 = 2〈P d

dar
n,Prn〉 = 0 results

in

(hyperreduced-ROM)

{
Ψn(an+1)TPrn(f(an+1)) = 0

a(0) = a0

where

Ψn(a) :=
d

da
rn(f(a)) = P

[
IM − τ

d
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]

q=f(a)
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